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Abstract A recent paper of A. Sofo proves some results about sums of products of quadratic
alternating harmonic numbers and reciprocal binomial coefficients. In this paper, we extend his
result to cubic alternating harmonic number sums and develop new closed form representations
of sums of cubic alternating harmonic numbers and reciprocal binomial coefficients. Some inter-
esting (known or new) illustrative special cases as well as immediate consequences of the main
results are also considered.
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1 Introduction
In a recent paper [12], A. Sofo prove some results on sums of products of alternating quadratic
harmonic numbers and reciprocal binomial coefficients of the form
W k (1, 1; p) :=
∞∑
n=1
H2n
np
(
n+ k
k
)(−1)n+1 (k ∈ N) (1.1)
for p = 0 or 1. The generalized n-th harmonic number of order k, H
(k)
n , is defined for positive
integers n and r as ( [2, 3, 23,24])
H(k)n :=
n∑
j=1
1
jk
(n, k ∈ N) (1.2)
where the empty sum H
(m)
0 is conventionally understood to be zero, and Hn := H
(1)
n . In this
paper we will develop identities, closed form representations of alternating quadratic and cubic
harmonic numbers and reciprocal binomial coefficients of the form:
W k (1, 2; p) :=
∞∑
n=1
HnH
(2)
n
np
(
n+ k
k
)(−1)n+1 and W k ({1}3; p) :=
∞∑
n=1
H3n
np
(
n+ k
k
)(−1)n+1, (1.3)
∗Corresponding author. Email: 15959259051@163.com (C. Xu)
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for p = 0 and 1. Here the notation {}p means that the sequence in the bracket is repeated
p-times. The generalized sums of products of alternating harmonic numbers and reciprocal
binomial coefficients W k (m1,m2, · · · ,mr; p) are defined by
W k (m1,m2, · · · ,mr; p) :=
∞∑
n=1
H
(m1)
n H
(m2)
n · · ·H
(mr)
n
np
(
n+ k
k
) (−1)n+1, (p ∈ N0, k, r,mi ∈ N) , (1.4)
where N := {1, 2, . . .} and N0 := N ∪ {0} = {0, 1, 2, . . .}.
While there are many results for sums of harmonic numbers with positive terms. Many
harmonic number sums can be expressed in terms of a linear rational combination of classical
Riemann zeta values and harmonic numbers. For example we know that [6, 22,24]
∞∑
n=1
H3n
n4
=
231
16
ζ(7)−
51
4
ζ(3)ζ(4) + 2ζ(2)ζ(5),
∞∑
n=1
[H
(2)
n ]2
n5
= −
1069
36
ζ (9) +
4
3
ζ3 (3) + 7ζ (2) ζ (7)−
4
3
ζ (3) ζ (6) +
33
2
ζ (4) ζ (5) ,
∞∑
n=1
[H
(2)
n ]2H
(3)
n
n2
= −
617
72
ζ (9) + ζ3 (3) +
91
8
ζ (2) ζ (7)−
17
4
ζ (4) ζ (5)−
329
84
ζ (3) ζ (6)
and from [11,23]
∞∑
n=1
HnH
(2)
n
n
(
n+ k
k
) = k∑
r=1
(−1)r+1
(
k
r
)


2ζ (4) + 2ζ (3)Hr−1 +
1
2
ζ (2)H2r−1 +
r−1∑
i=1
Hi
i3
−
1
2
ζ (2)H
(2)
r−1 −
1
2
r−1∑
i=1
H2i +H
(2)
i
i2
−
r−1∑
i=1
1
i
i∑
j=1
Hj
j2


,
there are fewer results for sums of the type (1.4). Here the classical Riemann zeta function
defined by ( [2, 3, 20])
ζ (p) :=
∞∑
n=1
1
np
,ℜ(p) > 1. (1.5)
Some results for sums of (alternating) harmonic numbers may be seen in the works of [1,4,5,7,
9,10,12–16,19–22] and references therein. Some explicit, and closely related results may also be
seen in the well presented papers [11,17,23]. For example, in [23], we give explicit formulas for
the following type of Euler sums function
∞∑
n=1
H2n
np
(
n+ k
k
)xn, ∞∑
n=1
H
(m)
n
np
(
n+ k
k
)xn, x ∈ [−1, 0) ∪ (0, 1)
by using the method of partial fraction decomposition and integral representations of series.
The purpose of the present paper is to establish closed form of harmonic number sums (1.3).
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Next, we begin with some basic notation. For k ∈ N, s = (s1, . . . , sk) ∈ (Z
∗)k (Z∗ := Z \ {0} =
{±1,±2, . . .}), and a non-negative integer n, the multiple harmonic star sum is defined by ( [23])
ζ⋆n (s) ≡ ζ
⋆
n (s1, . . . , sk) :=
∑
n≥n1≥···≥nk≥1
k∏
j=1
n
−|sj |
j sgn(sj)
nj . (1.6)
Throughout the paper we will use n¯ to denote a negative entry sj = −n. For example,
ζ⋆n (2¯) = ζ
⋆
n (−2) , ζ
⋆
n (3, 1¯) = ζ
⋆
n (3,−1) , ζ
⋆
n (2¯, 2, 1¯) = ζ
⋆
n (−2, 2,−1) .
We call l(s) := k the depth of (1.6) and |s| :=
k∑
j=1
|sj| the weight. For convenience we set
ζ⋆n (∅) = 1 and {s1, . . . , sj}d the set formed by repeating the composition (s1, . . . , sj) d times.
When taking the limit n→∞ we get the so-called the star Euler sum
ζ⋆ (s) = lim
n→∞
ζ⋆n (s) .
When s ∈ Nk they are called the multiple zeta star value. It is obvious that
ζ⋆n (m) = H
(m)
n ,m ∈ N.
In this paper, we will prove that the alternating quadratic and cubic harmonic number sums
W k (1, 2; p) and W k ({1}3; p) for p = 0, 1 can be expressed as a rational linear combination of
products of single zeta values and multiple harmonic star sum of weight≤ 4 and depth ≤ 4. The
main results of this paper as follow.
Theorem 1.1 For positive integer k, then the following identities hold:
∞∑
n=1
HnH
(2)
n
n+ k
(−1)n+k =−
5
16
ζ (4)−
1
4
ζ (2) ln22 +
7
8
ζ (3) ln 2 +
7
8
ζ (3) ζ⋆k−1 (1¯)
−
1
4
ζ (3)Hk−1 −
1
2
ζ (2) ζ⋆k−1 (2¯)− ζ
⋆
k−1 (3, 1¯) + ζ
⋆
k−1 (1, 2, 1¯)
+
1
2
ζ (2) ζ⋆k−1 (1, 1¯) + ζ
⋆
k−1 (2, 1, 1¯) + ln 2
{
ζ⋆k−1 (3¯)− ζ
⋆
k−1 (3)
}
−
1
2
ln 2ζ (2)
{
ζ⋆k−1 (1¯)− ζ
⋆
k−1 (1)
}
+
1
2
ln22
{
ζ⋆k−1 (2¯)− ζ
⋆
k−1 (2)
}
− ln 2
{
ζ⋆k−1 (2, 1¯)− ζ
⋆
k−1 (2, 1)
}
− ln 2
{
ζ⋆k−1 (1, 2¯)− ζ
⋆
k−1 (1, 2)
}
, (1.7)
∞∑
n=1
H3n
n+ k
(−1)n+k =−
5
16
ζ (4) +
9
8
ζ (3) ln 2−
3
4
ζ (2) ln22 +
1
4
ln42 +
9
8
ζ (3) ζ⋆k−1 (1¯)
−
1
2
ζ (2) ζ⋆k−1 (2¯)− ζ
⋆
k−1 (3, 1¯) +
3
2
ζ (2) ζ⋆k−1 (1, 1¯)−
3
4
ζ (3)Hk−1
+ 3ζ⋆k−1 (1, 2, 1¯) + 3ζ
⋆
k−1 (2, 1, 1¯)− 6ζ
⋆
k−1 ({1}3, 1¯)
+ ln 2
{
ζ⋆k−1 (3¯)− ζ
⋆
k−1 (3)
}
− 3 ln 2
{
ζ⋆k−1 (2, 1¯)− ζ
⋆
k−1 (2, 1)
}
− 3 ln 2
{
ζ⋆k−1 (1, 2¯)− ζ
⋆
k−1 (1, 2)
}
+ 6 ln 2
{
ζ⋆k−1 (1, 1, 1¯)− ζ
⋆
k−1 ({1}3)
}
− 3ln22
{
ζ⋆k−1 (1, 1¯)− ζ
⋆
k−1 (1, 1)
}
+
3
2
ln22
{
ζ⋆k−1 (2¯)− ζ
⋆
k−1 (2)
}
+
{
ln32−
3
2
ln 2ζ (2)
}{
ζ⋆k−1 (1¯)− ζ
⋆
k−1 (1)
}
. (1.8)
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We will prove Theorem 1.1 in section 3.
Theorem 1.2 For integer k ∈ N, we have
W k (1, 2; 0) =
k∑
r=1
(−1)r+1r
(
k
r
) ∞∑
n=1
HnH
(2)
n
n+ r
(−1)n+1,
W k ({1}3; 0) =
k∑
r=1
(−1)r+1r
(
k
r
) ∞∑
n=1
H3n
n+ r
(−1)n+1,
W k (1, 2; 1) =
k∑
r=1
(−1)r+1
(
k
r
){ ∞∑
n=1
HnH
(2)
n
n
(−1)n+1 −
∞∑
n=1
HnH
(2)
n
n+ r
(−1)n+1
}
,
W k ({1}3; 1) =
k∑
r=1
(−1)r+1
(
k
r
){ ∞∑
n=1
H3n
n
(−1)n+1 −
∞∑
n=1
H3n
n+ r
(−1)n+1
}
.
Proof. We consider the expansion
1
k∏
i=1
(n+ ai)
=
k∑
j=1
Aj
n+ aj
(k ∈ N0; ai ∈ C \ Z
−) (1.9)
where
Aj = lim
n→−aj
n+ aj
k∏
i=1
(n+ ai)
=
k∏
i=1,i 6=j
(ai − aj)
−1
. (1.10)
Taking ai = a+ i in (1.10) we obtain
Ar = (−1)
r+1 r
k!
(
k
r
)
, (1.11)
1
k∏
i=1
(n+ a+ i)
=
k∑
r=1
(−1)r+1
r
k!
(
k
r
)
1
n+ a+ r
. (1.12)
Furthermore, by using the equation (1.12) and the definition of binomial coefficient, letting
a = 0, we have the following expansions
1(
n+ k
k
) = k∑
r=1
(−1)r+1r
(
k
r
)
1
n+ r
(k ∈ N0), (1.13)
Hence, by a direct calculation we may easily deduce the desired result. This completes the proof
of Theorem 1.2. 
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2 Some lemmas and theorems
The following lemma will be useful in the development of the main theorem 1.1.
Lemma 2.1 ( [23]) For integers m,k ∈ N and x ∈ [−1, 1), we have
(−1)mm!
∑
n≥m
s (n+ 1,m+ 1)
(n+ k)n!
xn+k +
1
m+ 1
lnm+1 (1− x)
=
m−1∑
j=1
(−1)j−1j!
(
m
j
)
lnm−j (1− x)
(
ζ⋆k−1
(
{1}j+1; {1}j, x
)
− ζ⋆k−1
(
{1}j+1
))
− lnm (1− x)
(
ζ⋆k−1 (1;x)− ζ
⋆
k−1 (1)
)
− (−1)mm!ζ⋆k−1
(
{1}m+1; {1}m, x
)
. (3.1)
where s (n, k) denotes the (unsigned) Stirling number of the first kind ( [8]),
s (n, 1) = (n− 1)!, s (n, 2) = (n− 1)!Hn−1, s (n, 3) =
(n− 1)!
2
[
H2n−1 −H
(2)
n−1
]
,
s (n, 4) =
(n− 1)!
6
[
H3n−1 − 3Hn−1H
(2)
n−1 + 2H
(3)
n−1
]
,
s (n, 5) =
(n− 1)!
24
[
H4n−1 − 6H
(4)
n−1 − 6H
2
n−1H
(2)
n−1 + 3(H
(2)
n−1)
2 + 8Hn−1H
(3)
n−1
]
.
The Stirling numbers s (n, k) of the first kind satisfy a recurrence relation in the form
s (n, k) = s (n− 1, k − 1) + (n− 1) s (n− 1, k) , n, k ∈ N,
with s (n, k) = 0, n < k, s (n, 0) = s (0, k) = 0, s (0, 0) = 1. The generating function of s (n, k) is
lnk (1− x) = (−1)kk!
∞∑
n=k
s (n, k)
n!
xn, −1 ≤ x < 1. (3.2)
For sj > 0, ζ
⋆
n (s1, s2, · · · , sm;x1, x2, · · · , xm) denotes the partial sums of multiple polylogarithm-
star function defined by ( [23])
ζ⋆n (s1, s2, · · · , sm;x1, x2, · · · , xm) =
∑
1≤km≤···≤k1≤n
m∏
j=1
x
kj
j
k
sj
j
.
Lemma 2.2 ( [23]) For integers m,k ∈ N and x ∈ [−1, 1), we have
∞∑
n=1
H
(m)
n
n+ k
xn+k =
∞∑
n=1
H
(m)
n
n
xn − Lim+1 (x)−
m−1∑
j=1
(−1)j−1Lim+1−j (x)ζ
⋆
k−1 (j;x)
− (−1)m ln (1− x)
{
ζ⋆k−1 (m;x)− ζ
⋆
k−1 (m)
}
+ (−1)mζ⋆k−1 (m, 1; 1, x) , (3.3)
where Lip (x) denotes the polylogarithm function defined for |x| ≤ 1 by the series
Lip (x) :=
∞∑
n=1
xn
np
,ℜ(p) > 1. (3.4)
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Lemma 2.3 ( [11,22]) For integers n ≥ 1, k ≥ 0, then
1∫
0
tn−1lnk (1− t)dt = (−1)k
Yk (n)
n
, Y0 (n) = 1, (3.5)
where Yk (n) = Yk
(
Hn, 1!H
(2)
n , 2!H
(3)
n , · · · , (r − 1)!H
(r)
n , · · ·
)
, Yk (x1, x2, · · ·) stands for the com-
plete exponential Bell polynomial defined by (see [8])
exp

∑
m≥1
xm
tm
m!

 = 1 +∑
k≥1
Yk (x1, x2, · · ·)
tk
k!
. (3.6)
From the definition of the complete exponential Bell polynomial, we have
Y1 (n) = Hn, Y2 (n) = H
2
n +H
(2)
n , Y3 (n) = H
3
n + 3HnH
(2)
n + 2H
(3)
n ,
Y4 (n) = H
4
n + 8HnH
(3)
n + 6H
2
nH
(2)
n + 3(H
(2)
n )
2 + 6H(4)n .
Lemma 2.4 ( [11]) For integer m ≥ 1, and −1 < x < 1 , then
∞∑
n=1
HnH
(m)
n x
n =
1
1− x
{
∞∑
n=1
Hn
nm
xn −
∞∑
n=1
1
nm
(
n∑
k=1
xk
k
)
− ζ (m) ln (1− x)
}
. (3.7)
Theorem 2.5 For any real x ∈ (−1, 1), then the following identity holds:
∞∑
n=1
HnH
(2)
n x
n =
1
1− x
{
2Li3 (x)− ln (1− x) Li2 (x)−
∞∑
n=1
Hn
n2
xn
}
. (3.8)
Proof. To prove identity (3.8), we consider the nested sum
∞∑
n=1
yn
nm
(
n∑
k=1
xk
kp
)
, x, y ∈ [−1, 1) , m, p ∈ N.
By taking the sum over complementary pairs of summation indices, we obtain a simple reflection
formula
∞∑
n=1
yn
nm
(
n∑
k=1
xk
kp
)
+
∞∑
n=1
xn
np
(
n∑
k=1
yk
km
)
= Lip (x) Lim (y) + Lip+m (xy) . (3.9)
Setting p = 1,m = 2, y = 1 in above equation we get
∞∑
n=1
1
n2
(
n∑
k=1
xk
k
)
+
∞∑
n=1
H
(2)
n
n
xn = − ln (1− x) ζ (2) + Li3 (x) . (3.10)
On the other hand, by the definition of polylogarithm function and Cauchy product of power
series, we have
∞∑
n=1
H
(2)
n
n
xn =
x∫
0
Li2 (t)
t (1− t)
dt =
x∫
0
Li2 (t)
t
dt+
x∫
0
Li2 (t)
1− t
dt
6
= Li3 (x)− ln (1− x) Li2 (x)−
x∫
0
ln2 (1− t)
t
dt
= 3Li3 (x)− ln (1− x) Li2 (x)− 2
∞∑
n=1
Hn
n2
xn. (3.11)
Then, substituting (3.11) into (3.10) yields
∞∑
n=1
1
n2
(
n∑
k=1
xk
k
)
= 2
∞∑
n=1
Hn
n2
xn + ln (1− x) Li2 (x)− 2Li3 (x)− ln (1− x) ζ (2) . (3.12)
Hence, taking m = 2 in Lemma 2.4 and combining formula (3.12) we may deduce the desired
result. The proof of Theorem 2.5 is thus completed. 
Theorem 2.6 If m ≥ 1 is a integer and z ∈ [0, 1] , then we have
z∫
0
lnm (1 + x)
x
dx =
1
m+ 1
lnm+1 (1 + z) +m!
(
ζ (m+ 1)− Lim+1
(
1
1 + z
))
−m!
m∑
j=1
lnm−j+1 (1 + z)
(m− j + 1)!
Lij
(
1
1 + z
)
. (3.13)
Proof. We note that the integral in (3.13) can be rewritten as
z∫
0
lnm (1 + x)
x
dx
t=1+x
=
1+z∫
1
lnmt
t− 1
dt
u=t−1
= (−1)m+1
(1+z)−1∫
1
lnmu
u− u2
du
=(−1)m+1


(1+z)−1∫
1
lnmu
u
du+
(1+z)−1∫
1
lnmu
1− u
du


=
1
m+ 1
lnm+1 (1 + z) + (−1)m+1
(1+z)−1∫
1
lnmu
1− u
du. (3.14)
We use the elementary integral identity
∫
tn−1(ln t)mdt = tn
{
lnmt
n
−
m∑
l=1
(−1)l+1lnm−l (t) (m)l
nl+1
}
, (3.15)
Here (m)l = m(m− 1) · · · (m− l + 1). Then yields
(1+z)−1∫
1
lnmu
1− u
du =
∞∑
n=1
(1+z)−1∫
1
un−1lnmudu =(−1)m+1m!
(
ζ (m+ 1)− Lim+1
(
(1 + z)−1
))
+m!(−1)m
m∑
j=1
lnm−j+1 (1 + z)
(m− j + 1)!
Lij
(
(1 + z)−1
)
.
(3.16)
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Substituting (3.16) into (3.14) yields the desired result. 
Setting p = 3, 4 in (3.13), we get
1∫
0
ln3 (1 + x)
x
dx = 6ζ (4) +
3
2
ζ (2) ln22−
1
4
ln42−
21
4
ζ (3) ln 2− 6Li4
(
1
2
)
,
1∫
0
ln4 (1 + x)
x
dx = −24Li5
(
1
2
)
− 24 ln 2Li4
(
1
2
)
−
4
5
ln52−
21
2
ζ (3) ln22 + 24ζ (5) + 4ζ (2) ln32.
Theorem 2.7 For integer m ∈ N, then
∞∑
n=1
Ym (n)
n
(−1)n−1 = m!Lim+1
(
1
2
)
. (3.17)
Proof. First, by a direct calculation, we get
1∫
0
lnm (1− x)
1 + x
dx = (−1)mm!Lim+1
(
1
2
)
. (3.18)
Then by applying the known result
1
1 + x
=
∞∑
n=1
(−1)n−1xn−1, x ∈ (−1, 1) ,
in (3.18), we obtain
1∫
0
lnm (1− x)
1 + x
dx =
∞∑
n=1
(−1)n−1
1∫
0
xn−1lnm (1− x)dx
= (−1)m
∞∑
n=1
Ym (n)
n
(−1)n−1. (3.19)
Therefore, combining (3.18) with (3.19), we obtain the formula (3.17). This completes the proof
of Theorem 2.7. 
Corollary 2.8 The following identities hold:
∞∑
n=1
H3n
n
(−1)n−1 =
5
8
ζ (4) +
3
4
ζ (2) ln22−
1
4
ln42−
9
8
ζ (3) ln 2, (3.20)
∞∑
n=1
HnH
(2)
n
n
(−1)n−1 = 2Li4
(
1
2
)
+
1
12
ln42+
7
8
ζ (3) ln 2−
1
4
ζ (2) ln22− ζ (4) . (3.21)
Proof. Taking m = 3 in Theorem 2.6 and Theorem 2.7, we have
∞∑
n=1
H3n − 3HnH
(2)
n + 2H
(3)
n
n
(−1)n−1 =
1∫
0
ln3 (1 + x)
x
dx−
1
4
ln42, (3.22)
8
∞∑
n=1
H3n + 3HnH
(2)
n + 2H
(3)
n
n
(−1)n−1 = 6Li4
(
1
2
)
. (3.23)
From [6] we deduce that
∞∑
n=1
1
n3
(
n∑
k=1
(−1)k−1
k
)
=
7
4
ζ (3) ln 2−
5
16
ζ (4) . (3.24)
Then substituting (3.24) into (3.9) with m = 3, p = 1, x = −1, y = 1 yields
∞∑
n=1
H
(3)
n
n
(−1)n−1 =
19
16
ζ(4)−
3
4
ζ (3) ln 2. (3.25)
Thus, combining formulas (3.22), (3.23) and (3.25) we obtain the results. 
Corollary 2.9 For positive integer k, then we have
∞∑
n=1
H3n − 3HnH
(2)
n + 2H
(3)
n
n+ k
(−1)n+k =
1
4
ln42− 6ζ⋆k−1 ({1}3, 1¯) + ln
32
{
ζ⋆k−1 (1¯)− ζ
⋆
k−1 (1)
}
− 3ln22
{
ζ⋆k−1 (1, 1¯)− ζ
⋆
k−1 (1, 1)
}
+ 6 ln 2
{
ζ⋆k−1 (1, 1, 1¯)− ζ
⋆
k−1 ({1}3)
}
, (3.26)
∞∑
n=1
H
(3)
n
n+ k
(−1)n+k =−
5
16
ζ (4) +
3
4
ζ (3) ln 2 + ln 2
{
ζ⋆k−1 (3¯)− ζ
⋆
k−1 (3)
}
+
3
4
ζ (3) ζ⋆k−1 (1¯)
−
1
2
ζ (2) ζ⋆k−1 (2¯)− ζ
⋆
k−1 (3, 1¯) . (3.27)
Proof. Taking m = 3, x = −1 in Lemma 2.1 and Lemma 2.2 we obtain the result. 
3 Proof of Theorem 1.1
In (3.8), changing x to t, then multiplying it by tk−1 − t−1 and integrating over (0, x), we have
∞∑
n=1
{
HnH
(2)
n
n+ k
xn+k −
HnH
(2)
n
n
xn
}
= −
k∑
i=1
x∫
0
ti−2
{
2Li3 (t)− ln (1− t) Li2 (t)−
∞∑
n=1
Hn
n2
tn
}
dt
= −

2
x∫
0
Li3 (t)
t
dt−
x∫
0
ln (1− t) Li2 (t)
t
dt−
∞∑
n=1
Hn
n2
x∫
0
tn−1dt


−
k−1∑
i=1
x∫
0
ti−1
{
2Li3 (t)− ln (1− t) Li2 (t)−
∞∑
n=1
Hn
n2
tn
}
dt
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= −2Li4 (x)−
1
2
Li22 (x) +
∞∑
n=1
Hn
n3
xn
+
k−1∑
i=1
x∫
0
ti−1 ln (1− t) Li2 (t) dt+
k−1∑
i=1
∞∑
n=1
Hn
n2 (n+ i)
xn+i
− 2
k−1∑
i=1

x
i
i
Li3 (x)−
xi
i2
Li2 (x)−
1
i3
ln (1− x)
(
xi − 1
)
+
1
i3
i∑
j=1
xj
j

. (4.1)
In [23], we deduce the following identity
∫ x
0
tn−1 ln (1− t)dt =
1
n

xn ln (1− x)−
n∑
j=1
xj
j
− ln (1− x)

 . (4.2)
Hence, by using (4.2) with the help of Theorem 2.2 in the reference [23], then
x∫
0
ti−1 ln (1− t) Li2 (t) dt =
x∫
0
Li2 (t) d

1i

(ti − 1) ln (1− t)− i∑
j=1
tj
j




=
1
i

(xi − 1) ln (1− x)−
i∑
j=1
xj
j

Li2 (x) + 1i
x∫
0
ti−1ln2 (1− t) dt
−
1
i
x∫
0
ln2 (1− t)
t
dt−
1
i
i∑
j=1
1
j
x∫
0
tj−1 ln (1− t) dt
=
1
i
{(
xi − 1
)
ln (1− x)− ζ⋆i (1;x)
}
Li2 (x) +
1
i2
ln2 (1− x)
(
xi − 1
)
−
2
i2
ln (1− x) {ζ⋆i (1;x)− ζ
⋆
i (1)}+
2
i2
ζ⋆i (1, 1; 1, x)
−
1
i
ln (1− x) {{ζ⋆i (2;x)− ζ
⋆
i (2)}}+
1
i
ζ⋆i (2, 1; 1, x)
−
2
i
{
∞∑
n=1
Hn
n2
xn − Li3 (x)
}
. (4.3)
Moreover, by a direct calculation we obtain
k−1∑
i=1
∞∑
n=1
Hn
n2 (n+ i)
(−1)n+i =
k−1∑
i=1
(−1)i−1
∞∑
n=1
Hn(−1)
n−1
{
1
i
·
1
n2
−
1
i2
·
1
n
+
1
i2
·
1
n+ i
}
=
k−1∑
i=1
(−1)i−1
i
∞∑
n=1
Hn
n2
(−1)n−1 −
k−1∑
i=1
(−1)i−1
i2
∞∑
n=1
Hn
n
(−1)n−1 +
k−1∑
i=1
(−1)i−1
i2
∞∑
n=1
Hn
n+ i
(−1)n−1
= −
5
8
ζ (3) ζ⋆k−1 (1¯) +
ζ (2)− ln22
2
ζ⋆k−1 (2¯) + ln 2
{
ζ⋆k−1 (2, 1¯)− ζ
⋆
k−1 (2, 1)
}
− ln 2
{
ζ⋆k−1 (3¯)− ζ
⋆
k−1 (3)
}
+
1
2
ln22ζ⋆k−1 (2¯)− ζ
⋆
k−1 (2, 1, 1¯) + ζ
⋆
k−1 (3, 1¯) . (4.4)
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Hence, letting x = −1 in (4.1), (4.3) and combining identities (3.21), (3.26), (3.27) and (4.4),
and using the following formula ( [6])
∞∑
n=1
Hn
n3
(−1)n−1 = −2Li4
(
1
2
)
+
11
4
ζ(4) +
1
2
ζ(2)ln22−
1
12
ln42−
7
4
ζ (3) ln 2,
by a simple calculation, we can prove the Theorem 1.1. 
Taking k = 2 in Theorem 1.1, we can get the following results.
Corollary 3.1 The following identities hold:
∞∑
n=1
H3n
n+ 2
(−1)n = −
5
16
ζ (4) +
9
8
ζ (3) ln 2−
3
4
ζ (2) ln22 +
1
4
ln42− 2 ln 2
+ 3ln22− 2ln32 + 3ζ (2) ln 2−
15
8
ζ (3)− ζ (2) + 1,
∞∑
n=1
HnH
(2)
n
n+ 2
(−1)n = −
5
16
ζ (4)−
1
4
ζ (2) ln22 +
7
8
ζ (3) ln 2
−
9
8
ζ (3) + ζ (2) ln 2 + 2 ln 2− ln22− 1.
4 Conclusion
From Theorem 1.1, Theorem 1.2 and Corollary 2.8, we obtain the following description.
Theorem 4.1 For p = 0, 1, then the alternating quadratic and cubic harmonic number sums
W k (1, 2; p) and W k ({1}3; p) can be expressed as a rational linear combination of products of
single zeta values and multiple harmonic star sum of weight≤ 4 and depth ≤ 4.
Acknowledgments. The authors would like to thank the anonymous referee for his/her helpful
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